Vacuum birefringence is one of the most striking predictions of strong field quantum electrodynamics: Probe photons traversing a strong field region can indirectly sense the applied "pump" electromagnetic field via quantum fluctuations of virtual charged particles which couple to both pump and probe fields. This coupling is sensitive to the field alignment and can effectively result in two different indices of refraction for the probe photon polarization modes giving rise to a birefringence phenomenon. In this article we perform a dedicated theoretical analysis of the proposed discovery experiment of vacuum birefringence at a x-ray free electron laser/optical high-intensity laser facility. Describing both pump and probe laser pulses realistically in terms of their macroscopic electromagnetic fields, we go beyond previous analyses by accounting for various effects not considered before in this context. Our study facilitates stringent quantitative predictions and optimizations of the signal in an actual experiment.
I. INTRODUCTION
The quantum vacuum amounts to a highly nontrivial state, characterized by the omnipresence of fluctuations of virtual particles. While the microscopic theory of quantum electrodynamics (QED) does not provide for a direct (tree-level) interaction among photons, effective interactions of this kind are induced by quantum fluctuations of charged particles -in QED, electrons and positrons. Specifically in strong electromagnetic fields quantum fluctuations give rise to effective, nonlinear interactions among photons and macroscopic electromagnetic fields [1] [2] [3] (for reviews, see [4] [5] [6] [7] [8] [9] [10] [11] [12] ). One of the most famous optical signatures of QED vacuum nonlinearity is vacuum birefringence [13] [14] [15] [16] 23] experienced by probe photons traversing a strong field region, which is actively searched for in precision experiments using macroscopic magnetic fields [17, 18] ; see [19] for a recent proposal.
At zero field, the vacuum is characterized by translational invariance and the absence of any preferred direction. Conversely, an external electromagnetic field generically introduces a preferred direction, and, in the presence of inhomogeneities, also breaks translational invariance for charged particles. Via the charged particle-antiparticle fluctuations coupling to the external electromagnetic field, this preferred direction can also impact probe photon propagation. It can in particular affect the two probe photon polarization modes differently, and thereby effectively result in two different indices of refraction for these polarization modes.
This can give rise to a birefringence phenomenon, manifesting itself in a tiny ellipticity picked up by an originally purely linearly polarized probe photon beam. As an ellipticity signal has a nonvanishing overlap with both linearly independent polarization modes spanning the transverse probe photon polarizations, vacuum birefringence alternatively manifests itself in signal photons scattered into an -originally empty -perpendicularly polarized mode. The number of perpendicularly polarized photons constitutes the most straightforward signature to be observed experimentally in a high-intensity laser experiment aiming at an experimental verification of vacuum birefringence put forward by [20] , envisioning the combination of an optical high-intensity laser as pump and a linearly polarized x-ray pulse as probe; cf. also [21, 22] . For proposals of vacuum birefringence experiments with dipole, synchrotron and gamma radiation, cf. [23] [24] [25] .
Other theoretical proposals aiming at the experimental study of optical signatures of quantum vacuum nonlinearity have focused on interference effects [26] [27] [28] , photon-photon scattering in the form of laser-pulse collisions [29] [30] [31] , quantum reflection [32] , as well as photon merging [33] [34] [35] [36] and splitting [15, 16, [37] [38] [39] [40] [41] [42] .
In a recent feasibility study for detecting QED vacuum birefringence with x-ray free electron lasers (FELs) and high-power optical lasers, the probe photons are assumed to traverse the pump field on straight lines resembling their trajectories in vacuum at zero field [43] . The ellipticity acquired by a probe photon counter-propagating the pump at a given impact parameter is then traced on such a straight-line trajectory. By construction this procedure only gives rise to signal photons emitted exactly in forward direction. The conclusion of this study was that the experimental verification of vacuum birefringence with state-of-the-art laser systems and polarimetry is possible, but -as the measurement is dominated by noise -requires a large number of laser shots to increase the statistics.
However, another recent publication [44] emphasized a way to overcome the noise domination, namely by exploiting the scattering of signal photons out of the cone of the incident probe beam. Modelling the probe pulse as a non-divergent macroscopic electromagnetic field of finite transverse extent, the signal photons induced upon transversal of the pump laser field genuinely feature a finite divergence. Assuming the probe in the interaction region to amount to the essentially divergence free segment of a Gaussian beam around its focus, by an adequate choice of the beam parameters the divergence of the signal photons can be made substantially larger than the far-field divergence of the original probe beam. Looking for signal photons scattered outside the divergence of the probe beam, the demands on the polarization purity are less stringent for detection under such angles due to the significantly lower background photon flux. In [44] this scenario was studied under idealized conditions, assuming the beam axes of the pump and the probe to be perfectly aligned and the pulses to be exactly counter-propagating. While the pump was realistically modeled as a Gaussian laser pulse in the paraxial approximation, the description of the probe was less elaborate and only its essential features were explicitly accounted for. More specifically, it was modeled as a plane wave with a longitudinal envelope implementing a finite pulse duration. Its finite transverse extent was only indirectly accounted for, which limited the discussion to certain special cases, namely probe beams either significantly narrower or wider than the pump beam.
Here we go beyond these limitations and consider probe beams of finite width and generic elliptically shaped cross-sections. Besides, we account for several additional parameters of experimental relevance, like a finite angle between the beams' axes and finite impact parameters. These improvements facilitate unprecedented theoretical predictions of the experimental signals attainable in a dedicated discovery experiment of QED vacuum birefringence at a FEL/high-intensity laser facility, like the upcoming Helmholtz International Beamline for Extreme Fields (HIBEF) [45] at the European XFEL [46] at DESY.
Our article is structured as follows: After recalling the interpretation of vacuum birefringence in terms of a vacuum emission process in Sec. II, in Sec. III we detail the specific pump and probe field configuration considered in this article. We aim at a realistic description of the pump and probe laser pulses available in the laboratory. To this end we account for various experimentally relevant effects, such as, e.g., finite impact parameters and collision angles. Section IV is devoted to our results for the differential number of signal photons.
After a thorough discussion of the generic case, we specialize to a counter-propagation geometry of the pump and probe laser pulses. The latter geometry is of particular relevance as it allows for the maximum number of signal photons. In Sec. V we provide explicit predictions for the numbers of perpendicularly polarized signal photons which could be measured with state-of-the-art technology. To this end, we numerically evaluate our result for the case of exact counter propagation and vanishing offset parameters for various probe beam cross-sections. As a real experiment always suffers from shot-to-shot variations, manifesting itself, e.g., in a nonzero impact parameter, the explicit values for the numbers of perpendicularly polarized signal photons obtained here can be considered as the prospective numbers of signal photons attainable under optimal experimental conditions. Our general formula is capable to also account for these shot-to-shot variations, as needed for a concrete design study. Finally, we end with conclusions and a outlook in Sec. VI.
II. VACUUM BIREFRINGENCE AS VACUUM EMISSION PROCESS
Following [47, 48] we formally consider the signal photons induced in the interaction volume as emitted from the quantum vacuum subjected to the macroscopic electromagnetic fields of the pump and probe laser pulses. In this framework, the signal of vacuum birefringence amounts to signal photons polarized perpendicularly to the incident probe photon beam. The initial state containing no signal photons is denoted by |0 . In the presence of inhomogeneous electromagnetic fields, the quantum fluctuations of charged particles can trigger transitions to states with signal photons. Aiming at the study of vacuum birefringence in an FEL/high-intensity laser scenario it suffices to consider transitions to single signal
Here p ′ ∈ {1, 2} labels the polarization of the induced signal photon of four wave-vector
the unit wave-vector. Transitions to multi-photon states are strongly suppressed.
The zero-to-single signal photon transition amplitude stimulated by a macroscopic, slowly varying electromagnetic field F µν (x) is given by [47] 
where f µν (x) is the field strength tensor of the second-quantized signal photon field, and L is the Heisenberg-Euler effective Lagrangian [2] , encoding quantum corrections to Maxwell's theory of classical electrodynamics. The differential number of signal photons with polar-
Feynman diagram of the leading-order process evaluated in Eq. (3), inducing signal photons of wave vector k ′ and polarization p ′ . The process is cubic in the combined macroscopic electromagnetic fields of the pump and probe pulses represented by wiggly lines ending at crosses.
The dominant process features a single coupling to the x-ray probe (×) and a quadratic coupling to the high-intensity pump (⊗) fields.
ization p ′ to be detected far outside the interaction volume is then determined with Fermi's golden rule,
Let us emphasize that in our context the field strength tensor F µν (x) accounts for the combined macroscopic electric E(x) and magnetic B(x) fields of both the pump and probe laser pulses;
We use the Heaviside-Lorentz System and units where c = = 1; our metric convention is g µν = diag(−, +, +, +) and α = is given by
denotes the normalized signal-photon field strength tensor in momentum space and F = 1 4 
In spherical coordinates we havek
. Note that our conventions are such that for ϑ ′ = 0 we havek ′ | ϑ ′ =0 = −ê z . Besides, it is convenient to introduce the vectorê
which -by means of β ′ -parameterizes all unit vectors normal tok ′ . We use it to define
, which can be employed to span the two transverse photon polarization modes fulfillingk
Sticking to linear polarizations, without loss of generality
is fixed by a particular choice of β ′ , and the perpendicular vector by ǫ
Here we assume both laser pulses to be linearly polarized and to feature crossed electric and magnetic fields of the same amplitude profile and oriented mutually perpendicular to the beams' axes. This assumption is satisfied by Gaussian beams in the paraxial approximation [49, 50] . Without loss of generality we assume the pump pulse to propagate along the positive z axis and its electric and magnetic fields to point inê E = (cos φ, sin φ, 0)
andê B = (− sin φ, cos φ, 0) directions. The probe may enter from an arbitrary direction k = (cos ϕ sin ϑ, − sin ϕ sin ϑ, − cos ϑ) characterized by the two angles ϕ, ϑ. Its electric and magnetic fields point alongê e =ê ϕ,ϑ,β andê b =ê e | β→β+ Here, E ≡ E(x) and E ≡ E(x) denote the field profile of the pump and probe laser pulses, respectively. Their explicit expressions will be discussed in Sec. III.
Plugging these fields into Eq. (3) we obtain contributions linear ∼ EE 2 and quadratic ∼ E 2 E in the probe field. In the scenario considered by us we generically have E ≪ E, such that is sufficient to keep only the terms linear in E here. To linear order in E (cf. Fig. 1) this results in
where we have introduced the angle parameters γ = ϕ + β + φ and γ
encode the entire polarization dependence of the pump, probe and signal photons. Moreover, As the x-ray probe is substantially less focused than the pump, in the interaction volume we model it as of constant width; in the far-field the divergence of the probe needs to be accounted for (cf. main text). We allow for generic elliptically shaped probe cross-sections: To this end we introduce two different probe beam waists {w 1 , w 2 } associated with two perpendicular transverse directions resembling {ê e ,ê b }, but being parameterized by an independent angle. The vector x 0 allows for describing a finite impact or spatial displacement of the foci. We look for signal photons scattered intok ′ direction in the far-field. The associated transverse polarization vectors are {ǫ ǫ ǫ (1) , ǫ ǫ ǫ (2) }.
we have introduced the peak field strengths of the pump E 0 and probe E 0 , and have defined
Note, that for constant fields we would have M → (2π) 4 δ(k ′ ) and no signal photons are induced. For a plane wave probe E(x) ∼ E 0 e −ikx traversing a constant pump field we would
, ensuring momentum conservation for the signal photons.
In turn, the differential number of signal photons with polarization p ′ as defined in Eq. (2) can be compactly represented as
where
, is obtained upon summation over the signal photon polarizations. It can be inferred from Eq. (7) by substituting d
In a next step, we aim at determining the number of signal photons polarized perpendicular to the polarization of probe beam ǫ µ probe (k). We denote the polarization vector of the signal photons ǫ
As explained above, these perpendicularly polarized signal photons will constitute the experimental signature of vacuum birefringence. Ideally the polarization of the probe could then be completely blocked, and the perpendicularly polarized photons reliably detected. To this end we demand that there is no overlap between the polarization vectors ǫ µ probe (k) and ǫ 
and
, which is fully determined by the propagation directions of the probe (ϕ, ϑ) and signal (ϕ ′ , ϑ ′ ) photons, as well as the polarization of the probe (β). In turn, the number of signal photons scattered in the perpendicular polarization mode constituting the signature of vacuum birefringence is given by d
III. THE SPECIFIC PUMP AND PROBE FIELD CONFIGURATION
In the following, we specify in detail the macroscopic electromagnetic field profiles invoked to realistically model the high-intensity pump and x-ray probe laser pulses in an actual experiment aiming at the experimental verification of vacuum birefringence.
We assume the high-intensity pump pulse to be well-described by a pulsed Gaussian laser beam in the paraxial approximation. The corresponding amplitude profile is
with Φ(x) = Ω(z − t) + 
In [44] it was found that the terms involving photon exchanges with the pump laser pulse are suppressed by many orders of magnitude (cf. in particular the inlay in Fig. 3 of [44] ), making their contributions to the transition amplitude (5) practically irrelevant. Hence, we limit ourselves to the dominant -Ω independent -part of Eq. (10) in the following calculation and use the approximation
Note that this essentially amounts to approximating the square of Eq. (9) by its envelope, averaging the field's modulation with the laser frequency over one period, which amounts to the replacement cos
In the next step we specify the details of the probe pulse. As the wavelength of the x-ray probe is significantly smaller than the wavelength of an optical high-intensity laser, the probe beam is to be focused only comparatively weakly. Hence, focusing effects essentially play no role in the interaction volume, and we neglect them in our explicit calculations. They will nevertheless be relevant for far-field considerations (cf. below). We parameterize the probe pulse of frequency ω, peak field strength E 0 and pulse duration T as
Herek µ = (1,k) is the probe's normalized four wave-vector (k µ = ωk µ ), ψ 0 is a constant phase, and Assuming the probe to be well-described as a focused Gaussian beam, its divergence in the far field also depends on δ and is given by 1 θ(δ) ≃ 2 ωw(δ) ≪ 1. The number of probe photons N is proportional to the probe's electric field squared, i.e., N ∼ E 2 (cf. also Sec. V below). Hence, we have
N.
IV. RESULTS
Plugging Eqs. (11) and (12) into Eq. (6), the integrations over t, x and y can be performed explicitly. They correspond to elementary Gaussian integrals. However, due to the many parameters accounted for here, the resulting expressions are typically rather unhandy and lengthy. Finding a convenient representation actually turns out to be quite challenging.
Defining several auxiliary parameters and functions and after some tedious but straightforward manipulations we have nevertheless discovered a rather compact representation of Eq. (6) accounting for the above pump and probe pulse profiles.
First of all, it is convenient to decompose vectors into components parallel and perpendicular to the pump's propagation directionẑ, such that, e.g.,
we introduceâ µ = (0,â) andb µ = (0,b). We then define the two four-vectors
and the functions
which attribute a scalar quantity to any given vectors c and d. In addition, we make use of
Note that
. In turn, the ratio g f is constrained by
A. Generic case
With the above definitions, our result for M can then be expressed as
The z integration in Eq. (18) Due to its substantially lower frequency and scales of variation, the pump pulse cannot affect x-ray frequencies and momenta significantly. Correspondingly, the signal photons are essentially induced in the probe's propagation direction, and we have k ′ ≈ k. This in (18) is in terms of ≈ exp
an exponential suppression of the q = −1 term relatively to the q = +1 term. Secondly, due to the term in the fourth line of Eq. (18), which becomes
, the q = −1 contribution exhibits a rapid oscillation with ωz, rendering the z integration practically zero, while no such oscillation is encountered for the q = +1 contribution. For these reasons -and to avoid unnecessary computational efforts -in the explicit analyses performed below for given experimental parameters we limit ourselves to the q = +1 contribution.
Finally note that when replacing w(z) → w 0 in Eq. (18), i.e., formally turning to a pump with an infinite Rayleigh length, the z integration is of Gaussian type and can be performed easily. Upon insertion into Eq. (7), in this limit even the k ′ integration can be performed explicitly without difficulty, resulting in an analytic expression for
dϕ ′ dcos ϑ ′ . An approximation of Eq. (18) which allows for an analytic evaluation of the z integration can be found in Appendix A. This might be useful to guide optimization studies necessitating the variation of many parameters, e.g., different offset parameters and collision angles:
Sticking to this approximation, the z integration does not have to be performed numerically, which reduces the numerical efforts in the determination of the number of perpendicularly polarized signal photons significantly. In the present work we will only provide explicit results for idealized conditions, i.e., x µ 0 = 0 and counter-propagating pump and probe laser pulses (cf. Sec. V below). For this case the exact results are readily integrated numerically with standard tools.
B. Counter-propagation geometry
Sticking to a counter-propagation geometry for the pump and probe laser pulses, i.e., (1 + 2n) − φ, with n ∈ Z. Note that for this choice the polarization vector of the probe forms an angle of
with both the electric and magnetic field vectors of the pump. The differential number of perpendicularly polarized signal photons in this particular limit can be inferred from the above equations and reads
Here, we made use of the shorthand notations w(ϕ
In the considered limit we haveâ =ê 0,0,δ 0 andb =ê 0,0,δ 0 + π 2
. From Eq. (20) it is particularly obvious that the q = −1 contribution is substantially suppressed in comparison to the one with q = +1. Moreover, note that forâ · x 0 =b · x 0 = 0, which amounts to zero impact parameter, Eq. (20) depends on the azimuthal angle ϕ ′ only via the probe waist w(ϕ ′ ).
If in addition w 1 = w 2 , i.e., for circular cross-sections of the probe beam, M 0 becomes independent of ϕ ′ and the orientation ofâ andb controlled by the angle parameter δ 0 .
Also note that even for w 1 = w 2 the total (integrated) numbers of attainable signal photons are always independent of the specific choice for δ 0 . In other words, the orientation of the probe's cross-section controlled by {â,b} relative to the probe's field vectors {ê e ,ê b } does not affect the total numbers of signal photons.
V. PREDICTIONS FOR EXPERIMENTS
In the following we adopt the parameters of a state-of-the-art high-intensity laser and a FEL facility to provide for realistic estimates of the attainable numbers of perpendicularly polarized signal photons. The pump pulse is provided by an 1PW class laser of optical or near-infrared frequency (pulse energy W = 30J, pulse duration τ = 30fs) focused to w 0 = 1µm. As the frequency of the pump does not enter our expression for the differential number of signal photons, but only manifests itself in neglected subleading contributions (cf.
Sec. III above), we do not need to specify it here. Correspondingly, the peak intensity of the
, where we account for the fact that the effective focus volume delimited by w 0 and τ contains a factor of erf 3 ( √ 2) ≈ 0.87 of the total pulse energy; erf(.) is the error function. The x-ray probe is assumed to deliver N photons of energy ω = 12914eV
per pulse of duration T = 30fs; aiming at explicit numerical estimates for the numbers of signal photons to be detected experimentally we assume N = 10 12 . Precisely for this photon energy the presently most sensitive x-ray polarimeter [51] was benchmarked. The polarization purity of x-rays of this energy can be measured to the level of P = 5.7 · 10 −10 .
From the above parameters we infer the peak intensity of the probe, which is given by
. For the moment, we leave the probe beam widths w 1 and w 2 unspecified.
Below we will discuss the effect of different choices of these parameters. As the differential numbers of signal photons (7) and (19) scale as E It is particularly interesting to compare our new results with those previously obtained in [44] . As noted above, this study focused on a counter-propagation geometry, but was manifestly limited to certain special cases, namely probe beams either significantly narrower or wider than the pump beam. More precisely, the considered cases were exactly those where the details of the transverse profile of the probe should arguably not have any significant effect on the estimated numbers of attainable signal photons. The fact that we can now consider arbitrary probe beam widths calls for a critical reassessment of these estimates.
The results for counter-propagating pump and probe laser pulses follow from Eq. (19) upon insertion of Eq. (20) involving a numeric evaluation of the z integral. The maximum number of signal photons is obtained for vanishing offset parameters, x µ 0 = 0, ensuring that the pump and probe beams have an optimal overlap. Note that the only offset parameter accounted for in [44] was the time delay t 0 .
Our main focus is on the differential number of signal photons
This quantity generically exhibits a maximum at ϑ ′ = ϑ = 0, implying that most of the . The probe pulse (duration τ = 30fs) comprises N photons of energy ω = 12914eV. The high-intensity pump is assumed to be a 1PW system delivering optical or near-infrared frequency pulses of energy W = 30J and duration T = 30fs focused to a waist of w 0 = 1µm. N ⊥ (N ⊥>θ ) is the total number of perpendicularly polarized signal photons (emitted outside the divergence θ(ϕ ′ ) of the probe beam), and N ⊥>σ denotes the number of perpendicularly polarized signal photons fulfilling ϑ ′ ≥ σ(ϕ ′ ) with σ i = σ(δ 0 + dϕ ′ d cos ϑ ′ to the far-field direction distribution of the probe photons having traversed the interaction volume practically unaffected. For the counter-propagation geometry considered here, the angles {δ, ζ} introduced in Sec. III above can be identified with {ϕ ′ , ϑ ′ }, such that this distribution is given by
We denote the number of perpendicularly polarized signal photons emitted outside the probe beam divergence by N ⊥>θ .
In Tab. I we provide explicit results for various probe beam cross-sections parameterized by the two beam waists w 1 and w 2 measured in units of the pump waist w 0 . As to be expected, for vanishing offset parameters, x µ 0 = 0, the total number of polarization-flipped photons N ⊥ is maximal for minimal probe beam cross-sections. In this case all probe photons propagate close to the optical axis of the pump where the pump field strength triggering the effect is maximal. However, another well-known effect is that the divergence of the probe beam in the far-field scales as θ ∼ 
dϕ ′ dcos ϑ ′ is larger than the polarization purity record P of the presently best x-ray spectrometer [51] , we can discern the signal photons from the background. Note that even if this condition is not met for ϑ ′ = 0, it will eventually be fulfilled for large enough values of ϑ ′ . Of course, in addition the fraction of signal photons emitted at these angles needs to be large enough to allow for sufficient statistics. To this end we introduce the two angle parameters σ i determined by means of the following implicit condition
δ ij is the Kronecker delta; cf. Fig. 3 for an illustration. Employing the elliptical symmetry for x 0 = 0 we then adopt the ansatz σ(ϕ
to generalize this condition to arbitrary values of ϕ ′ , resulting in Fig. 4 ). In Tab. I, the ratio N ⊥>σ /N ⊥ is maximal for the largest 
FIG. 3: Plot of the ratio
dϕ ′ dcos ϑ ′ P as a function of the polar angle ϑ ′ for a probe of asymmetric cross-section; waist parameters probe beam cross-section considered. Nevertheless, the total number of signal photons to be detected experimentally, N ⊥>σ , is largest for the asymmetric cross-section with w 1 = 3w 0 and
w 0 . For this configuration the probe photons propagate close to the beam axis of the pump -increasing the experienced pump field strength, triggering the effect -in one direction and are spread out to sense its full transverse profile -increasing the signals' angular spread, facilitating its detection with state-of-the-art-technology -in the perpendicular direction.
Hence, this observation can be explained as resulting from a beneficial combination of these two effects.
Finally, note that a direct comparison of our results with the estimates for the number of perpendicularly polarized signal photons obtained in [44] shows that our new -more realistic -predictions tend to be somewhat smaller. More specifically, adopting the same parameters for the case of again that the transverse probe profile was only indirectly accounted for in [44] : The result provided there relies on the assumption that {w 1 , w 2 } ≫ w 0 , which arguably might not be completely justified for the considered case, and partially explain the observed deviations.
Another, but closely related source of discrepancies is that the transverse profile of the probe was assumed to be homogeneous in [44] , whereas it is of Gaussian type here.
Reference [44] also considered the case of an ideal line focus corresponding to Assuming N = 10 12 probe photons per pulse and a repetition rate of 1Hz, [44] predicted N ⊥>σ ≈ 265 per hour. This might be compared with the case of 
VI. CONCLUSIONS AND OUTLOOK
In this article we have extended the recent study [44] to account also for the details of the x-ray probe. One of these features is the finite transverse extent of the probe beam governed by the two independent waists w 1 and w 2 , enabling us to consider elliptically shaped probe beam cross-sections of arbitrary orientation. This has in particular permitted us to substantiate previous results for the limiting cases of probe beams either significantly narrower or wider than the beam waist of the pump beam [44] . In addition, similarly to [43] our results account for a finite impact, or more generally arbitrary spatiotemporal displacements of the foci. Note however that our present study allows us to go beyond this study, which exclusively focuses on the polarization-flip signal and by construction does not account for scattering effects. In fact, we expect the latter effects giving rise to signal photons scattered out of the cone of the probe photon beam as crucial means to enhance the signal-to-background ratio in a discovery experiment of QED vacuum birefringence with high-intensity lasers, employing state-of-the-art technology. Also note that even though in the present study we mainly focused on a counter-propagation geometry of the pump and probe laser pulses, our general results are valid for arbitrary collision geometries.
We are confident that our study will pave the way for a realistic study of vacuum birefringence, facilitating stringent quantitative predictions and optimizations of the signal in an actual experiment. Based on the new insights obtained here, a detailed study of a precise experimental scenario similar to [43] has now become feasible.
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of perpendicularly polarized signal photons emitted outside σ and the total number of probe photons propagating into directions outside σ is larger than P. In the present work, we implement this criterion on the level of the differential photon numbers (cf. Sec. V), which ensures that this condition is met for each value of ϑ ′ ≥ σ individually. Here, we encounter tiny deviations in the results for σ 1 and somewhat larger ones for σ 2 , which is anyway outside the regime where significant signal photon contributions are to be expected. To the precision shown, the results of the approximation are in good agreement with the exact results for the signal photon numbers.
For completeness, note that this approximation does not account for all the effects contained in the full result, Eqs. (19) and (20) . In particular, it does not resolve azimuthal asymmetries in the differential number of signal photons expected to be encountered for .
